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Abstract In this paper we constructs a new nontrivial family in the 
stable homotopy groups of spheres 7r^n q+2pq+q ^ 3 S which is of order p and 
is represented by k h n 6 Ext 3 ^ p q+ pq+q (Z p , Z p ) in the Adams spectral 
sequence, where p > 5 is an odd prime, n > 3 and q — 2{jp — 1). In the 
course of the proof, a new family of homotopy elements in 7r*V(l) which is 
represented by (3JX(K) e Ext 2 / nq+(p+1)q+1 (H*V(l),Z p ) in the Adams 
sequence is detected. 
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1 Introduction and the main results 

Let A be the mod p Steenrod algebra and S be the sphere spectrum localized at 
an odd prime p. To determine the stable homotopy groups of spheres 7r*S is one of 
the central problems in homotopy theory. One of the main tools to reach it is the 
Adams spectral sequence: 

E s / = Ext s jf(Z p ,Z p ) iTtsS, 

where the E^-term is the cohomology of A. So far, not so many families of homotopy 
elements in ti*S have been detected. For example, a family q n ^i G TTp^q+gsS for 
n > 2 which has filtration 3 in the Adams spectral sequence and is represented by 
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h b n -i G Ext 3 / q+q (Z p ,Z p ) has been detected in reference [1], where q = 2(p — 1). 
In this paper, we also detect a family of homotopy elements in ir p n q+pq _ 3 S which 
has filtration 3 and is represented by k h n G Ext 3 /' q+2pq+q (Z p ,Z p ) in the Adams 
spectral sequence. 

From reference [2], Ext 1 / (Z p ,Z p ) has Z p -bases consisting of a G Ext 1 / (Z p ,Z p ), 
hi G Ext 1 / q (Z p , Z p ) for alii > and Ext 2 /(Z p ,Z p ) has Z p -bases consisting of oli, 
o,q, aohi(i > 0), g,i(i > 0), ki(i > 0), Cj(i > 0), and hih/j > i + 2,i > 0) whose 
internal degrees are 2q + 1, 2, p l q + l,p t+1 q + 2p l q, 2p t+1 + p l q, p t+l q and p l q + p>q 
respectively. 

Let M be the Moore spectrum modulo a prime p > 5 given by the cofibration 

5^5^MiE5. (1.1) 

Let a : TflM — > M be the Adams map and X be its cofibre given by the cofibration 

£?M A M 4 E« +1 M, (1.2) 

where g = 2(p — 1). This spectrum which we briefly write as K is known to be the 
Toda-Smith spectrum V{1). Let V{2) be the cofibre of j3 : YfJ+^K -> if given by 
the cofibration 

S (p+i)<z^ A K ^ V{2) -4 (1.3) 

Our results can be stated as follows. 
Theorem I Lei p > 5, n > 3, then 

fr'MK) + G Ext 2 / nq+ip+1)q+1 (H*K,Z p ) 

is a permanent cycle in the Adams spectral sequence and converges to a nontrivial 
element ( n G ^ p ^ q +{ p +\) q -iK , where h n G Ext 1 / q (Z p ,Z p ). 
Theorem II Let p > 5, n > 3, then 

k h n ^ G Ext 3 / nq+2pq+q (Z p , Zp) 

a permanent cycle in the Adams spectral sequence and it converges to a nontrivial 
element of order p in 7r p ™ q +2 Pq + q -3S . 

Remark: The /co/in-element obtained in Theorem II is an indecomposable el- 
ement in ir*S, i.e., it is not a composition of elements of lower filtration in tt*S, 
because h n (n > 0) is known to die in the Adams spectral sequence. 

After giving some useful propositions in Section 2, the proofs of the main theo- 
rems will be given in Section 3. 

2 Some preliminaries on low-dimensional Ext groups 
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In this section, we will prove some results on Ext groups of lower dimension which 
will be used in the proofs of the theorems. 

Proposition 2.1 Let p > 5,n > 3, a G Ext 1 /(Z p , Z p ),h n G Ext 1 / q (Z p ,Z p ), 
b n G Ext 2 / q (Z p ,Z p ) respectively. Then we have the following: 

(1) Ext 4 / nq+pq+2 (Z p , 1+) = Z^aoaohK}. 

(2) Ext 5 / nq+(p+2)q (Z p ,Z p ) = 0. 
Proof. (1) See [3, Theorem 4.1]. 

(2) The proof is similar to that given in the proof of [4, Proposition 1.2]. We can 
show that in the May spectral sequence E±' p q+ ( p+2 ^ q '* — o. Then 

Extf nqHp+2)q (Z p ,Z p )=0. 

Here the proof is omitted. □ 
The following lemma is used in the proofs of many propositions in this section. 
First recall spectra V{k) = {V(k) n } for n > — 1 which are so-called Toda-Smith 

spectra. The spectrum V{n) given in [5] such that the Z p -cohomology 

H*(V(n), Z„) = E(n) = E(Q , Q 1? • • • , Q n ), 

the exterior algebra generator by Milnor basis elements Qo, Qi, • • •, Q n in A. The 
spectra V(n) for n > —1 are defined inductively by V(— 1) = S and the cofibration 

^(p n -^ V (n - 1) ^ V(n V(n) h £ 2p "- V(n - 1). (2.1) 

When n — 0, 1, 2, the above cofibration sequence just is the cofibration sequences 
(1.1), (1.2) and (1.3) respectively, stand for the maps p, a, (3 in (1.1), (1.2) and 
(1.3) respectively. Here V{-1) = S, V(0) = M, V(l) = K,i = i, h = i', i 2 = i,j = 
j,jx = j',j 2 = j. The existence of V(n) is assured [5, Theorem 1.1] for n — 1, p > 3 
and for n = 2, p > 5. 

By the definition of Ext groups, from (2.1) we can easily have the following 
lemma. 

Lemma 2.1 With notations as above. We have the following two long exact 
sequence: 

(!) > Ext^-^-V^Vin - 1), □) a A Exf/(H*V(n - 1), □) H* 

Ext s /(H*V(n), □) H* Exf/'^-^iHWin), □)->•••. 

(2) ... -> Ext 8 Z U ~ {2pn - l) {U,H*V{n - 1)) ai -i* Exf/(n,H*V(n - 1)) H 

Ext"j[(U,H*V(n)) Exf/(n,H*V(n)) 

i/ere □ are an arbitrary A-module. □ 
Proposition 2.2 Let p > 5, 3. Taen Ext/^ +ip+2)q+1 (H*M, H*M) has 

a unique generator h n g , where h n g satisfies i*j*h n go = h n go, the generator of 

Ext 3 / nq+(p+2)q (Z p ,Z p ) stated in [6, Table 8.1]. 
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Proof. First consider the exact sequence 

Ext 3 f q+ip+2)q+1 {Z p ,Z p ) ^ Ext 3 / nq+ip+2)q (Z P ,H*M) ^ 
Ext 3 / nq+(p+2)q (Z p ,Z p ) ^ Ext 4 /" q+{p+2)q+ \Z p ,Z p ) 

induced by (1.1). Since we know that Ext 3 / q+ ^ p+2 ^ q+1 (Z p , Z p ) is zero (cf. [6, Table 
8.1]) and Ext/ q+ ^ +2 ^ q+1 (Z p , Z p ) is zero (cf. [7, Proposition 2.1]), the above i* is an 
isomorphism. Then we see that Ext 3 /' q+ ^ p+2 ^ q (Z p , H*M) has unique generator h n g , 
where h n go satisfies i*h n g = h n go, the unique generator of Ext 3 / q+(j>+2 ^ q (Z p ,Z p ) 
stated in [6, Table 8.1]. 

At last, look at the following exact sequence induced by (1.1) 

Ext 3 f q+{p+2)q+ \Z p ,H*M) h Ext 3 / nq+ip+2)q+1 (H*M, H*M) h 
Ext 3 f q+{p+2)q {Z p ,H*M) ^ Ext A / nq+{p+2)q+1 (Z p ,H*M). 

Since the first group is zero by virtue of Ext 3 / 9+ ^ +2 ^ +r (Z p , Z p ) = for r = 
1,2 (cf. [6, Table 8.1]) and the forth group is zero by virtue of the facts that 
Ext 4 / nq+(j>+2)q+t (%p,% P ) = for t = 1,2 (cf. [7, Proposition 2.1]), then the above 
j* is an isomorphism. Thus Ext 3 / q+( - p+2 ^ q+1 (H*M, H*M) has a unique generator 
h n go, where h n go satisfies j*h n go = h n go- This finishes the proof of Proposition 2.0 
Proposition 2.3 Let p > 5, n > 3, then 

Ext 3 f q+{p+2)q (H*M, H*M) = Z p {ujS^,fi*^go\- 
Proof. Consider the exact sequence 

Ext 2 / nq+ip+2)q ~\Z p ,Z p ) £ Ext 3 / nq+(p+2)q (Z p ,Z p ) £ 
Ext 3 / nq+{p+2)q -\Z p ,H*M) ^ Ext 3 / nq+{p+2)q -\Z p ,Z p ) 

induced by (1.1). Since Ext 2 f q+{p+2)q - 1 (Z p ,Z p ) = = Ext 3 f q+{p+2)q -\Z p ,Z p ) 
(cf. [6, Table 8.1]), the above j* is an isomorphism. Moreover we also know 
Ext 3 / nq+(p+2)q {Z p ,Z p ) = Z p {h n g } (cf. [6, Table 8.1]). Thus we can have that 
Ext 3 / nq+{p+2)q -\Z p ,H*M) = Z p {f(h n9o )}. 
Now observe the following exact sequence 

Ext 2 / nq+{p+2)q -\Z p ,H*M) ^ Ext 3 f q+{p+2)q {Z p ,H*M) ^ 
Ext 3 f q+(p+2)q {H*M, H*M) h Ext 3 / nq+{p+2)q -\Z p ,H*M) ^ 

induced by (1.1). Since Ext 2 /" q+(p+2)q+r {Z p , Z p ) = for r = -1,0 (cf. [2]), 
we can easily get that Ext 2 / nq+{p+2)q ~ 1 (Z p ,H*M) = 0. By virtue of the fact 
£^ pn<?+(p+2)<z_1 (Z p ,#*M) = Z p {j*{h n g )}, we have that the image of the second 
p« is p*f(h n g ) = j*p*(h n g ) = j*p*(g h n ) = 0. 
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From the facts that 

,3,p"<jr+(p+2)g. 



Exf/ q ^ >q (Z p ,H*M) = Z p {h n g } - Z p {j*h n g } 
and 

Ext 3 / nq+ip+2)9 ~\Z P ,H*M) = Z p {f(h n g )} = Z p {fi*jS^%] = Z P {j*jV^}, 



we can easily get that Ext 3 / nq+(p+2)q (H* M, H* M) = Z p {i*j*h n g , j*i*h n g }. This 
shows Proposition 2.3. □ 
Propositio n 2.4 Let p > 5, n > 3, then we have 

(1) i*d 2 (i*j*(h n go)) ^ 0. 

(2) d 2 {j*i*{Kg~ )) ± 0, where 

d 2 : Ext 3 f q+ip+2)q (H*M,H*M) -> Ext 5 f q+ip+2)q+1 (H*M,H*M) 

is the differential of the Adams spectral sequence. 

Proof. (1) From [7, p. 488] we know that d 2 (i*(h n go)) ^ 0. By Proposition 2.2, 
d 2 {i*(hngo)) = d 2 (i*i*j*(h n g )) = d 2 (i*i*j*(h n g )) = i*d 2 (i*j*(h n g )). The desired 
result follows. 

(2) Consider the exact sequence 

Ext 4 f q+{p+2)q (Z p ,Z p ) £ Ext 5 f q+(p+2)q+1 (Z p ,Z p ) £ Ext 5 f q+(p+2)q (Z p ,H*M) 

^ Ext 5 f q+{p+2)q (Z p ,Z p ) 

induced by (1.1). We claim that the above j* is an isomorphism. By virtue of 
the fact that Ext 5 / nq+(p+2)q {Z p ,Z p ) = (cf. Proposition 2.1), we see that the 
above j* is an epimorphism. Note that Ext 4 ^ q+< " p+2 ^ q (Z p ,Z p ) = Z p {g b n ^i} (cf. [7, 
Proposition 2.1]). Since p*(gob n -i) = a g b n _i = (Note: a g = by [6, Table 
8.2]), so kerj* = imp* = 0, i.e., the above j* is a monomorphism. The proof of the 
claim is finished. Since a 2 boh n ^ G Ext 5 ^ q+ ^ +2 ^ 9+1 (Z p ,Z p ) (cf. [7, Proposition 
2.1]), so by the claim we get that j*(a 2 b h n ) ^ G Ext 5 / nq+(p+2)q (Z p , H*M). Note 
the fact that d 2 (h n g ) = a 2 b h n ^ 0, so j*d 2 (jj*h n g ) = j*d 2 (j*i*h n g ) ^ by 
Proposition 2.2. Thus d 2 (j*i*(h n g )) ^0. □ 
Proposition 2.5 Let p > 5,n > 3, then 

Ext 3 f qHp+1)q+2 (H*K,H*M) = 0. 

Proof. Consider the exact sequence 

Ext 3 f qHp+l)q+3 {H*M,Z p ) £ Ext 3 / nq+{P+1)q+2 (H*M, H*M) ^ 

Ext 3 /" q+(p+1)q+2 (H*M,Z p ). 

Since the first and third group are zero by the facts Ext 3 ^ q+( - p+1 ^ q+r (Z p , Z p ) = for 
r = 1, 2, 3 (cf. [6, Table 8.1]), so the second group is zero. 
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Look at the exact sequence 
Ext 3 / nq+pq+2 (Zp, Z„) ^ Ext 3 / nq+pq+2 (H*M, Z„) ^ Ea;^ pn9+M+1 (Z p , Z p ) 

induced by (1.1). Since we know that Ext 3 /" q+pq+1 (Z p , Z p ) Z p {a M„} (cf. [6, 
Table 8.1]) and £ari^" ?+p,+2 (Zp, Zp) = Z p {a a /ii/i„} by Proposition 2.1, so the 
above is an isomorphism, imj* = since is an isomorphism, imi* = by 
the fact that Ext 3 / nq+pq+2 (Z p , Z p ) = (cf. [6, Table 8.1]). Thus we can have that 
Ext 3 / nq+pq+2 (H*M,Z p ) = 0. 

Observe the following exact sequence induced by (1.1) 

Ext 2 f q+pq {Z p ,Z p ) ^ Ext 3 f q+pq+1 {Z p ,Z p ) ^ Ext 3 f q+pq+1 {H*M,Z p ) 

h Ext 3 /" q+pq (Z p ,Z p ) ^ Ext 4 / nq+pq+ \Z p ,Z p ). 

Since Ext 2 f q+pq {Z p ,Z p ) = Z p {h x h n } and Ext 3 /" q+pq+1 (Z p , Z p ) = Z p {a^h x h n } (cf. 
[6, Table 8.1]), we know that the first is an isomorphism. Similarly by virtue 
of the facts that Ext 3 /" q+pq (Z p , Z p ) = Z p {b h n , (cf. [6, Table 8.1]) and 

Ext 4 / nq+pq+1 (Z p ,Z p ) = Z p {a fe /i n ,a /iA-i} (cf. [7, Proposition 2.1]), we get that 
the second is also an isomorphism. Thus Ext 3 /' q+pq+1 (H*M,Z p ) = 0. 
Look at the exact sequence 

= Ext 3 / nq+pq+2 (H*M,Z p ) £ Ext 3 / nq+pq+1 (H*M, H*M) ^ 

Ext 3 / nq+pq+ \H*M,Z p ) = 

induced by (1.1). It is easy to get that the second group is zero. 
At last consider the following exact sequence 

= Ext 3 / nq+{p+1)q+2 (H*M, H*M) 4 Ext 3 / nq+(p+1)q+2 (H*K, H*M) 

?h Ext 3 / nq+pq+1 (H*M, H*M) = 

induced by (1.2). The desired result follows. □ 
Proposition 2.6 Let p > 5, n > 3, then 

Ext 2 f q+{p+l)q+ \H*K,Z p ) ZpiPJMK)}, 

where (3, : Ext 1 f\H*K,Z p ) — ► Ext 2 /" q+{p+1)q+1 (H*K,Z p ) is the connecting ho- 
momorphism induced by (3 : T^ p+1 ^ q K — > K. 
Proof. Look at the exact sequence 

ExtY q+pq -\Z p , Zp) ^ Ext 2 f q+pq {Z p , Zp) ^ Ext 2 f q+pq {H*M, Z p ) 

h Ext 2 / nq+pq -\z p ,z p ) 

induced by (1.1). Since the first group and the fourth group are zero, so the above 
i* is an isomorphism. Thus we can see that Ext 2 / q+pq (H*M,Z p ) = Z p {i*{hih n )} 
by the fact that Ext 2 f q+pq {Z p , Z p ) Z p {h x h n }. 
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At last observe the following exact sequence 

Ext 2 / nq+(p+1)q+1 (H*M,Z p ) 4 Ext 2 f qHp+l)q+1 {H*K,Z p ) ^ 
Ext 2 /" q+pq (H*M, Z p ) ^ Extf nq+(p+1)q+1 (H*M, Z p ) 

induced by (1.2). Since the first group is zero by Ext 2 ^ q+lyP+lS)q+r (Z p , Z p ) = for 
r = 0,1 (cf. [2]) and the fourth group is zero by Ext 3 / nq+(j,+1)q+t (Z p ,Z p ) = 
for t — 0,1 (cf. [6, Table 8.1]), then the above j[ is an isomorphism. Thus we 
can have that Ext 2 ^ q+lyP+lS>q+1 (H*K,Z p ) has a unique generator A, which satisfies 
ji(A) = i^hxhn). From [5, (5.4)], we have that j'fii'i G S, M] is repre- 

sented by i*(hi) G Ext]f q (H*M,Z p ) in the Adams spectral sequence. It follows 
that (j'/3i'i)*(h n ) = i*(hih n ) = j*(A). Note the fact that j[ is an isomorphism. 
It is easy to get that (3*i'*i*(h n ) = A. Therefore this completes the proof of the 
proposition. □ 
Proposition 2.7 Let p > 5,n > 3, then 

Ext 2 / nqHp+1)q+1 (H*K, H*M) = Z P {PJM} 

where h n G Ext]f nq (H*M, H*M) is the unique generator of Ext x f q {E* M, H* M) 
and satisfies i*(h n ) = i*(h n ). 

Proof. Consider the exact sequence 

Ext 2 / nq+pq+1 (Z p , Zp) h Ext 2 f q+pq+1 {H*M, Z p ) h Ext 2 / nq+pq (Z p , Z p ) 

^ Ext 3 f q+pq+1 {Z p ,Z p ). 

Since Ext 2 ^ q+pq+l (Z p ,Z p ) = 0, imi* = 0. Since Ext 2 ^ q+pq (Z p ,Z p ) = Z p {hih n } 
and Ext^f q+pq+1 (Z p ,Z p ) = Z p {aohih n } (cf. [6, Table 8.1]), then the above p* is an 
isomorphism, and then imj* = 0. Thus Ext 2 ^ q+pq+1 (H* M , Z p ) = 0. 
Look at the exact sequence 

Ext 2 /" q+ip+1)q+2 (H*M,Z p ) 4 Ext 2 f q+ip+1)q+2 (H*K,Z p ) ^ 

Ext 2 / nq+pq+1 (H*M,Z p ) = 

induced by (1.2). Since we know that Ext 2 / nq+(p+1)q+2 (H*M.Z p ) = by the facts 
that Ext 2 / nq+{p+1)q+r (Z p , Zp) = for r = 1, 2 and Ext 2 f q+pq+1 {H*M, Z p ) = 0, then 
Ext 2 f nq+ip+1)q+2 (H*K,Z p ) = 0. 

Observe the following exact sequence 

Ext 3 / nq+(p+1]q+2 (H*M,Z p ) 4 Ext 3 / nq+ip+1)q+2 (H*K,Z p ) ^ Ext 3 f q+pq+1 {H*M,Z p ) 

induced by (1.2). From the proof of Proposition 2.5 we know that the first group 
and the third group are zero. So the middle group is zero. 
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At last, look at the following exact sequence 



Ext 2 / nq+(p+1)q+2 (H*K,Z p ) £ Ext 2 f q+{p+1)q+1 (H*K,H*M) ^ 
Ext 2 f q+{p+1)q+1 (H*K,Z p ) £ Ext 3 f q+ip+1)q+2 (H*K,Z p ) 

induced by (1.1). Since the first group and the fourth group are zero, then the above 
i* is an isomorphism. Notice that Ext 2 / nq+{p+1)q+ \H*K,Z p ) Z p {pJ%(h n )}. 
Thus we can easily have that there exists an element A e Ext 2 / nq+{p+1)q+1 (H*K, H*M) 
such that Ext 2 / nq+(p+1)q+1 (H*K,H*M) = Z P {A} and z*(A) = (3JM h n)- Since 
i*(h n ) = i*(h n ), i*(A) = (3J'J*(h n ) = (3*i'J*(h n ) = i*(3*i'*(h n ). Thus we have that 
A = (3*i'*(h n ) by the fact that i* is an isomorphism. Thus this completes the proof 
of the proposition. 

□ 

3 Proofs of the main theorems 

Let 

°2 Yi~ 2 E — » E _1 E ^» S 

ih i 61 I b (3.1) 

E~ 2 KG 2 E^Kd KG = KZ P 

be the minimal Adams resolution of S satisfying the following. 

(1) E s KG S E s+ i ^ EE S are cofibrations for all s > which induce short 
exact sequences in Z p -cohomology. 

(2) KG S is a wedge sum of suspensions of Eilenberg-Maclane spectra of type 
KZ P . 

(3) n t KG s are the E^-terms, (& s c s _i)* : ix t KG s -\ — > ix t KG s are the d\~ l,t - 
differentials of the Adams spectral sequence and iT t KG s Extf (Z P ,Z P ) (cf. [9, 
p.180]). Then 

lb 2 Al w lhAlw |MW ( 3 - 2 ) 

Yr 2 KG* A W E-^d A W KGq A W 

is an Adams resolution of arbitrary finite spectrum W. 

From [10, p. 204-206], the Moore spectrum M is a commutative ring spectrum 
with multiplication m M ■ M A M — > M and there is ttim : SM — > M A M such that 

m M (jAl M ) = 1m, (i A l M )fh M = 1m, 

m M fn M = 0, (i A l M )m M + m M (j A 1 M ) = Imam, 

m M T = -m M , Tra M = m M , 

m M (l M Ai) = -l M , (1 M Aj)rh M = 1 M , 

where T : M A M — >■ M A M is the switching map. 

A spectrum X is called an M-module spectrum if p A lx — 0, and consequently, 
the cofibration I^l'^MM^SI split, i.e., there is a homotopy 
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equivalence MAX = X\J EX and there are maps nix '-MAX — > X, rhx '■ 
EX — > MAX satisfying nix(i A lx) = lx, (j A lx)^x = lx, = and 

rhx{j A lx) + (i A lx)mx = Imax- The M-module actions m x , fh x are called 
associative if m x { 1m A m x ) = — m x ijnx Alx) and (1 M A%)% = (%Alx)%. 

Let X and X' be M-module spectra. Then we define a homomorphism a? : 
[E S X',X] - [E S+1 X',X] by = m x (l M A /)m x , for / G [E S X',X]. This 

operation d is called a derivation (of maps between M-module spectra) which has 
the following properties: 

Lemma 3.li 10 ' Theorem 2 - 2 ](l) d is a derivative: d{fg) = fd(g) + (-l)^d(f)g 
for f E [E S X',X] ; g E [E*X", X'\, where X, X' , X" are M-module spectra. 

(2) Let W, W be arbitrary spectra and h E [L r W, W\. Then 

d(hAf) = (-l)^hAd(f) 

for f G [E*X',X]. 

(3) d 2 = : [E S X', X] — ► [E S+2 X', X] for associative spectra X' , X . □ 
From [10, (3.4)], K is an M-module spectrum, i.e., there are M-module actions 

m K : K A M — ► K,m K : EX — > K A M satisfying 

m K (l K Ai) = l K , {l K Aj)rh K = l K ,m K rh K = 0, (1 K A i)m K + (1 K Aj)rh K = Iram- 

Moreover, from [10, (2.6)] and [10, (3.7)] we have that d(ij) = —1m, d(a) = 0, 
d(i') = 0, d(f) = and d((3) = 0. 

Remark 3.1 In this paper, all the notations are the same as those of [7]. 

Let L be the cofiber of a± = jai : S 9_1 S' — > S and K' be the cofiber of ai : 
H q S — > M given by the following two cofibrations: 

E q-i s ^ S ^ L J\ z«s(see[7, (2.3)]), (3.3) 

S«5™MAif'i S 9+1 5(see[7, (2.4)]. (3.4) 

Let a' — a± A Ik- Consider the following two commutative diagram of 3 x 3 in the 
stable homotopy category: 

SM Y,K' ^ EK' 

\(vA l M )m M / l K > A j \y / z 

K' AM Zi +2 S 

/ Ik> A i \ vr / jf \ ai 

K> K ^ Y?M 

and 

M LAK YfiK 

\i' /i"M K \r /ti 

K YflK' A M 

/a' \ j' / (v A l M )m M \ e 
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By the above two commutative diagram of 3 x 3 in the stable homotopy category, 
we easily have the following two lemmas. 

Lemma 3.2 There exist three cofibrations 

K ' JL> k E q+2 S EK', (3.5) 

E -i K ^ SM (UA H^ M K'AM^K, (3.6) 

M LAK TflK' AM^EM. (3.7) 

□ 

Lemma 3.3 e(v A l M )mM = ct, f(i" A 1 K ) — (v A l M )?nMi' , = j" A 1^, 
e(l^ A = -2/a 7 . □ 

From [11, p.434], there are A E [E" 1 "^ A K, K] and A e [E -1 !^, L A X] 
satisfying A(i" A l x ) = (j" A l K )A = i'f E [E -9-1 ^, K] and jj'A = 0. From [6, 
p.484], there is A K , E [E'l^LAK, K'] such that A K ,(i" Al K ) = vf E [E'l^K, K'] 
and A(i" A l K ) = (f A 1 K )A = i'f. 

Lemma 3.4 A K > = (1 K > Aj)f. 

Proof. From Lemma 3.3 we have 

(l K ,Aj)f(i"Al K ) = (l' K Aj)(vAl M )fh M f = (v Al s o) (1m A j)m M f = vf = A K ,(i"M K ), 

which shows that (1 K > A j)f = A K > + g(j" A 1 K ) for some g E [K, UK'] 
Consider the exact sequence induced by (3.4) 

[K, E q+1 S] (a 4* [K, EM] ^ [K, EK'] ^ [K, E q+2 S] [K, E 2 M]. 

From the proof of [7, Proposition 2.18], we know that [K, EM] = 0. So imv* = 0. 
Since [K, Y, q+2 S] ^ Z p {jf}, (ai)*(jf) = aijf ^ 0. Thus we have imy* = and 
[K, UK'] = 0. Then we have {l K , A j)f = A K >. □ 
Lemma 3.5[7, lemma 3.3 and (3.4)] Let p > 5,n > 3, then there exists an 
element r)' n 2 E [YP nq+q K, E 2 A K] such that 

(b 2 A U)< 2 = h h n A1 K E [Y? nq+q K, KG 2 A K], (1 E2 A a')^ )2 = 0, 

where hoh n E Tt p n q+q KG 2 = Ext 2 ^ q+q (Z, p ,Z, p ) and a' = jai A Ik E [Y, q ~ 1 K, K]. 
There also exists an element f 2 E [£P n "+(P+%+ 3 M, E 5 A L A K] such that 

(1 E2 A (i" A l K )/3)rf nj2 i' = (a 2 a 3 a 4 A l L ^ K )f 2 . 

□ 

Corollary 3.1 For f 2 E [ep"9+(p+ 2 )9+ 3 M, E 5 A L A K] which is given in Lemma 
3.5, we have 

(li5 4 A e(l K , A ij)){a 4 A 1 k >am)(1 E& A f)d{f 2 ij) = 0. (3.8) 
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Proof. From [7], we have [7, (3.6)] that (a 4 Al M )(lE B Ae(l K > Ai)A K ,)d(f 2 ij) = 0. 
Here f 2 is given in [7, (3.4)]. 

By [10, (1.7)], we have that (a 4 A 1 m )(Ie 5 A e{\ K , A i))(l Es A A K ,)d(f 2 ij) = 0. 
By lemma 3.4, we have 

(a 4 A 1 m )(1b 5 A e(l K > A i)){l Es A (1 K , A j)f)d(f 2 ij) = 0. 

By [10, (1.7)], it follows that 

(a 4 A l M )(l Es A e(l K > A i))(1e 5 A (1*, A j))(l Es A f)d(/ 2 y) = 0. 

Thus 

(a 4 A l M )(ls 5 A e(l X / A u))(1b b A r)d(f 2 ij) = 0. 

By [10, (1.7)], the corollary follows. □ 
Let W be the cofibre of e(l K , Mj) : Yfl~ 2 K' AM — ► M given by the cofibration 

Y?- 2 K' A M e{1 ^ ij) M^W E*" 1 *" A M. (3.9) 
Lemma 3.6 T/iere exisfo /' G [£p^+(p+2)«?+i M) £ 4 A W] such that (a 2 a 3 A 

l K )(l E4 A7TU 4 )f = 0. 

Proof. By (3.8) and (3.9), we have that 

(a 4 A 1 k >am)(1e s A f)d(/ 2 u) = (1^ A u A )f (3.10) 

with /' G [Ert+W'^M^iA^] and by composing (a 2 a 3 A 1^)(1 E4 A tt) on (3.10) 
we have 

(a 2 a 3 A ltf)(l£ 4 A 7ru 4 )/' = (a 2 a 3 a 4 A 1^)(1e 5 A nf)d(f 2 ij). (3.11) 

By composing zj on [7, (3.4)], we have 

(ljfc A (i" A l K )p)r)' nt2 i'ij = (a 2 a 3 a 4 A l LAK )f 2 ij (3.12) 

with 7/ n>2 G [S^^K, £ 2 A4 

Notice that d(lx) = and d(/3) = 0. Then by applying the derivation d on 
(3.12) we have 

(1 E2 A (i" A l K )P)d(rf n>2 i'ij) = (a 2 a 3 a 4 A l L A K )d(f 2 ij). (3.13) 
Notice that 7rf = j" A By composing (1# 2 A 7rf) on (3.13) we have 

(a 2 a 3 a 4 A 1 k )(1e 5 A nr)d(f 2 ij) = (3.14) 
and by (3.11), (3.14) we get 

(a 2 a 3 A 1 k )(1 Ea A 7ra 4 )/' = 0. (3.15) 
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Thus the Lemma is proved. □ 
Let U be the cofibre of 7ra 4 : W — ► given by the cofibration 

W ^ Y?- X K EW. (3.16) 

Lemma 3.7 w 5 induces zero homomorphism in Z p -cohomology. 
Proof. Consider the following homomorphism induced by w^. 

w* 5 : H*U — ► H* +q - x K. 

From the celluar structures of U and K, we can have that 

H t R = i % P , t = 0,l,q+l,q + 2; 
\ 0, others, 

and the top cell of U has degree 2q + 1. It easily follows that must be a zero 
homomorphism in Zp-cohomology. □ 
Lemma 3.8 There exist three homotopy elements f 2 E [S^'+^+^'M, E 2 A U\, 

(a 2 a 3 A W)/' = (1 B2 A u 5 )f 2 , f 2 = (a 2 A lu)f 3 

and 

(1^3 A u 4 )(a 3 A W)/' = -(U3 A u 4 u 5 )fz + (1 E3 A u 4 )(c 2 A V)# 2 - 

Proof. From (3.15) and (3.16), we have that 

(a 2 a 3 Al w )f = (l E2 Au 5 )f 2 ' (3.17) 

with e [£P n 9+(P+2)<? M) _E" 2 a [/]. 

By (3.17) and (3.2) we have (b 2 A l w )(l £!a A m 5 )/ 2 = (6 2 A V)(a 2 a 3 A = 0. 
Thus 

(1kg 2 Am 5 )(&2A%)/2 = 0. (3.18) 

By (3.18) ,(3.16) and the fact that u>5 induces zero homomorphism in Z p -cohomology(see 
lemma 3.7), we have 

(b 2 Al u )f> = (l KG2 Aw 5 )g = (3.19) 
with g E [£f n 9+( p+1 ) 9+1 M, KG 2 A K], so by (3.2) we obtain 

f 2 = (a 2 A lu)fl (3.20) 

with E lZ pn i +( - p+2 ^ +1 M,E 3 A U}. By [10, (1.7)], from (3.20) and (3.17) we have 
(a 2 a 3 A lw)f = — («2 A Iw)(^e 3 A u 5 )f 3 . Then we have 

(o 3 A l w )f = -{l Ez A u 5 )& + (02 A l w )g 2 (3.21) 



12 



with g 2 E [£P n 9+(p+%M, KG 2 AW]. By composing (l Es A u 4 ) on (3.21), we have 

(1 E3 A w 4 )(a 3 A l w )f = -(1 E3 A u 4 u 5 )f^ + (l Es A w 4 )(c 2 A l w )^ 2 - (3.22) 

We finishes the proof of the lemma. □ 
Lemma 3.9 the cofibre of c(Ik' A i)v : TflM — > SM is U given by the 
cofibration 

There exist two relations that 

u 4 u 5 = (v A l M )rh M UQ 

and 

e(l K > A r/)(t> A l M )rh M = e{\ K > A 

Proof. By the three cofibrations (3.6), (3.9), and (3.16), we can get the following 
commutative diagram (3.24) of 3 x 3 lemma in stable homotopy category(cf. [12, p. 
292-293]). 

E« _1 K' A M (7 e'k' a m. 

V A li ( m M /* X s(l K l A ij) /" U) 6 \, 115 /" "4 

e(l„/A*)u 

E 9 M — » EM T.W 

By the commutative diagram (3.24), Lemma 3.8 follows. □ 
Lemma 3.10 With notation as above. We have 

(a 3 o 4 A 1k>am)0-e 5 A f)d(f 2 ij) 
= (l Es A (v A l M )rhMU 6 )f3 - (c 2 A 1^' A m)(1kg 2 A u 4 )g 2 . 

Proof. By (3.22), [10, (1.7)] and the relation « 4 -u 5 = (v A Im^m^ (see Lemma 
3.9), we have 

(a 3 Al^/ AM )(l i?4 AM 4 )/ / = (l S3 A(t;Al M )rn M M 6 )/3-(c 2 Al^/ A M)(l^G2AM 4 )5'2- (3.25) 
By composing (a 3 A 1^'am) on (3.10), we have 

(a 3 A 1k'am)(1e 4 a u ±)f = («3«4 A 1 K '/\m){^-e 5 A f)d(f 2 ij). (3.26) 
Combining (3.25) and (3.26) yields 

(a 3 a 4 A 1 K 'am) (1e b A f)d(f 2 ij) _ ^ 

= (1 B3 A (i> A l M )m M u 6 )f^ - (c 2 A 1k' A m)(1^g 2 A w 4 )# 2 . 

Thus we complete the proof of this lemma. □ 



13 



Lemma 3.11 There exist two elements f A E [TP nq+{ P + ^ q+1 M, E 3 A K] and 
fl e [£p"</+(p+% +1 M, E 3 AK' A M] such that 



{l Ei A U(i )f 3 = {l Ei Aj')f A 

and 

/l = (l £3 A7r)^. 

Proof. By Lemma 3.3, we have a = e(v A 1m)w.m- Then 
(1b 3 A «M 6 )/3 

= (l Es A e(v A lM)rn M u 6 )f^ since u 4 u b = (v A l M )rn M u 6 
= (1e 3 A eu 4 u 5 )f 3 

= (l Es A e)(l B3 A m 4 « 5 )/3, by (3.22) 

= (1 E3 A e)[(l E3 A w 4 )(c 2 A W)c/ 2 - (1e 3 A w 4 )(a 3 A l w )f] 

= (1 E3 A £« 4 )(c 2 A V)#2 - (1e 3 A eu A )(a 3 A l w )/' 

= (c 2 A 1m)(1kg 2 A £^4)5-2 - (1b 3 A ^4)(a 3 A W)/', since 1 KG2 A e ~ 
= -(1 E3 A £w 4 )(a 3 A l w )f 

pam)(1e 4 A u 4 )f, by (3.26) 
= (1 B3 A e)(a 3 A 1x'am)(o 4 A 1x'am)(1.e s A f)d(f 2 ij) 
= (a 3 a 4 A 1m)(1b 5 A ef)d(f 2 ij), by (3.7) 
= 0. 

Hence, by (1.2) we have 

(l E3 Au 6 )/^ = (l E3 Aj')£ (3.28) 

with f 4 e [EP n i+(p+^<i+^M, E 3 AK}. 

Similarly, by Lemma 3.3 we have e(1k> A i)vj' = —2j'a'. Then we have 

-2(l E3 Aj'a')n 
= (l Es A e(l K , A i)vj')f A 
= (l E3 Ae(l K ,Ai)v)(l E3 Aj')fi, by (3.28) 
= (1 B3 As{l K , Ai)v){l Ez Au 6 )fl by (3.24) 
= (1 B3 A e{l K > A ij)(v A l M )rh M )(lE 3 A u & )f 3 
= (l E3 Ae(l K/ Aij))(l E3 AvAl M fh M u 6 )f^ by (3.24) 
= (1 E3 A e(l K . A ij)){l Ez A u 4 u 5 )f^, by (3.9) 
= (1 E3 A e{l K > A ij)u 4 u 5 )f 3 
= 0. 

Thus, by (3.6) we have 

fi = (l^a A n)f 5 (3.29) 
with f b e [SP n 9+(P+2) 9 +i M) E 3 AK' AM}. This completes the proof of Lemma 3. ID 
Lemma 3.12 For the above f b e [£p"9+(p+%+im, E 3 A K' A M] , we have 

(63 A 1^am)/s = 0. 
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Proof. The proof will be given later. □ 

Now we give the proof of Theorem I. 

Proof of Theorem I. From Lemma 3.12, we have 

(63 A U'am)/5 = 0. (3.30) 

By virtue of (3.2), we have 

& = (a 3 A l™)/e (3.31) 
with fl e [Sf n 9+(P+2)<?+2 M) E A AK' AM}. By (3.27) and (3.2), we have 

(a 2 a 3 a 4 A 1k'am)(1e b A f)d(f 2 ij) 

= (a 2 A 1k'am)0-e 3 A (v A Im^mUq)/^ 

= (02 A 1x'am)(1b 3 A (t> A 1 m )tom)(1b 3 a u 6 )ft, by (3.28) 

= (a 2 A 1a-'am)(1s 3 AM lM)m M )(l£ 3 A by (3.29) 

= (a 2 AW)(1b 3 AM1m)%)(1£ 3 A/)(1 Bs Att)/^, by (3.31) 

= (a 2 A lx'AAf)(li?3 A (f A 1m)^m)(1s 3 A j')(lE 3 A tt)(1e 3 a ?r)(a 3 A Ir'am)^ 

= (a 2 a 3 A 1x'am)(1b 4 a (v A Im^m/X^ a 7r)/£. 

That is, 

(a 2 a 3 a 4 A 1k'am)0-e 5 a f)d(f 2 ij) = (a 2 a 3 A 1 K 'am){^e a A (u A 1m)tom/)(1s 4 A 7r)/g. 

(3.32) 

Since [(64 A 1 k )(1e 4 A tt)/^] G Ext 4 / nq+{p+2)q+2 (H*K, H*M) = (cf. [7, Propo- 
sition 2.2]), then by (3.1), we know that the c^-cycle (64 A l K )(l Ell A 7r)/g is a 
o?i-boundary It follows that (64 A 1x)(1_b 4 A 7r)/g = (64 A lx)(c 3 A lx)/7 for some 
ft E [SP n 9+(p+ 2 )'?+ 2 M, KG 3 A X]. Thus we have 

(1 E4 A 7r)/^ = (c 3 A + (a 4 A \ K )f' % (3.33) 

with G [ep"9+(p+ 2 )9+ 3 M, £ 5 A X]. Then by (3.32), (3.33) and (3.2), we have 

(a 2 a 3 a 4 A 1k>am)(1e 5 Ar)d(f 2 ij) = (a 2 a 3 a 4 A 1k'am)(1e b A (v A ImJ^mjO/s- ( 3 -34) 
Moreover, by composing (1^ 2 A f) on (3.13) it is easy to get that 

(a 2 a 3 a 4 A 1^ a m)(1b 5 A f)d(/ 2 y) = (1 E2 A f(i" A l K )p)d(r ] , n /ij). (3.35) 
Combining (3.34) and (3.35) yields 

(1e 2 A f(i" A l K )P)d(rf n>2 i'ij) = (a 2 a 3 a 4 A I k >am)(Ie 5 A (u A l M )fh M j')f' % . (3.36) 
Notice that f(z" A 1#) — (v A 1m)"^mJ / (see Lemma 3.3). Then (3.36) can turn into 
(1 E2 A (u A l M )rh M j' P)d(r]' n 2 i'ij) = (l E2 A (v A l M )rriMj'){a 2 a 3 a 4 A l K )f%- ( 3 - 37 ) 
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By (3.37) and (3.6), we have 

(1 E2 A j'P)d(r l ' n /ij) = (l E2 A f)(a 2 a 3 a 4 A l K )f' % + (1 E2 A j'a')f % (3.38) 

with ft G [£p"9+(p+ 1 )9+ 1 M, £ 2 Aif]. From [7, p.489], we know that the left hand side 
of (3.38) has filtration 4. However, since the first term of the right hand side of (3.38) 
has filtration > 5, then the second term of (3.38) must be of filtration 4. So ft has 
filtration < 3. Notice the facts that Exf/ nq+{p+1)q+2 (H*K, H*M) = (cf. Propo- 
sition 2.5) and Ext 2 / nq+ip+1)q+1 (H*K, H*M) Z p {f3J«(hn)} (cf. Proposition 2.7), 
then we have (b 2 A Ik) ft = (1*tg 2 A/?)(1kg 2 Ai')(h n ). Let £ n = (a ai A l*r)/g. Then 
£ n is represented by (3*i*(h n ) in the Adams spectral sequence. And so ( n = £ n i is rep- 
resented by i*PX(h n ) = PJj*(h n ) = PJ'Mhn) ^06 Ext 2 / nq+(p+1)q+1 (H*K,Z p ) 
(cf. Proposition 2.6). Thus Theorem I is proved. 

Proof of Lemma 3.12. We first recall three cofibrations given in [7] 

Y,- l K T?K' JUK' 2 ^K (see [7, (2.5)]), (3.39) 

e(l K i Ai) 

Yfl-^K[ M ^X ^WK' (see [7, (3.7)]), (3.40) 

X H K' 2 K' A W EX (see [7, (3.10)]) (3.41) 

with the relation -u 2 w 3 = _ vj'7c[7, (3.11)]. By composing (a 2 A Ir'am) on (3.27), we 
have 

(a 2 a 3 a 4 A 1k'am)(1b 6 a r)d(f 2 ij) 
= (a 2 A 1k'am)(1b 3 A (f A l M )rh M u 6 )ft, by (3.28) 
= (02 A 1^ a m)(1b 3 AM 1m)"Im)(1b3 A/)/J, by (3.29) 
= (a 2 A 1^'am)(1b 3 A (f A 1m)to m )(1£ 3 a /)(1b 3 A 7r)/£. 

That is, 

(a 2 a 3 a 4 Al^/ A M)(li<; 5 Af)(i(/ 2 ij) = (a 2 AlK'AM)(lE 3 A(vAl M )'m M )(l Ea Aj')(l E3 A7r)f' 5 . 

(3.42) 

By composing (1 E2 A (Ik 1 A j)) on (3.42), we have 

(1e 2 A (lx' A j))(a 2 a 3 a 4 A 1*t'am)(1.e s A f)d(f 2 ij) 
= {l E2 A (Ik 1 A j))(a 2 A 1k'am)(1e 3 A (f A l M )m M )(l £3 A /)(l Ss A 7r)/£. 

(3.43) 

On the one hand, for the left hand side of (3.43), we have 

(1e 2 A (1 k > A j))(a 2 a 3 a^ A 1k'am)(1e b A f)d(f 2 ij) 
= -(a 2 a 3 a 4 A 1 k ,)(1 Eb A (l K , A j)f)d(f 2 ij), by Lemma 3.4 
= -(a 2 a 3 a 4 A 1k')(1e b A A K ,)d(f 2 ij). 

On the other hand, for the right hand side of (3.43) we have 

(1e 2 A {l K , A j))(d 2 A 1 K 'am)(1e 3 A (v A l M )m M ){lE 3 A ?){1e 3 A it) ft. 
= -(a 2 A 1 K ')(Ie 3 A {l K , A j)(v A l M )fh M j'ir)ft 

= -(a 2 A 1 k ,)(1e 3 A (v A 1 s o)(1 m A j)fh M fir)ft, since (l M A j)fh M = 1m 
= — (a 2 A 1a-')(1b 3 A v fir) ft, since w 2 w 3 = -vj'-zr 
= (a 2 A lx'X 1 ^ A u 2 u 3 )ft. 
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Thus we have 

(a 2 d 3 a 4 A 1 k >)(1e 5 A &K>)d(f 2 ij) = -(a 2 A 1 K ')0-e 3 A u 2 u 3 )f^. (3.44) 
Let X be the cofibre of e(l K > A i) : Tfl^K' — > M given by the cofibration 

[7,(3.8)] follows from [7, (3.7)] and [7, (3.6)] that 

(a 4 A l K r) (l Es A A K ,)d(f 2 ij) = (1 E4 A u 2 )f 3 

for some / 3 G [£P n 9+(P+%+i M) £ 4 M]. By composing (a 2 a 3 A 1*-,) on [7, (3.8)], we 
have 

(a 2 a 3 a 4 A 1 K ')0-e s A A K ,)d(f 2 ij) = (a 2 a 3 A 1k')( 1 e 4 a m 2 )/3- (3.45) 
Combining (3.44) and (3.45) yields 

(a 2 A 1 K ')(1e 3 A m 2 m 3 )/5 = -(°v°>3 A l^X 1 ^ A u 2 )f 3 . (3.46) 
By [10, (1.7)], (3.46) can turn into 

{1 E2 A u 2 )(a 2 A 1x)(1e 3 A u 3 )f b = -(1 E2 A u 2 )(a 2 o 3 A l x )f 3 . (3.47) 
From (3.47) and (3.40) we have 

(02 A lx)(l£ 3 A m 3 )/s = ~{a 2 a 3 A l x )/ 3 + (1^ A w 2 )f 4 (3.48) 

with / 4 G [SP n 9+(P+2)<?-i M) ^ 2 A M]. 

Note that (b 2 A l M )/ 4 e [E p " 9+ ^ +2 ^ _1 M, KG 2 A M] = by the exact sequence 
pp n «+(p+2) ? -i^ KG 2 ] [E^+^^M^G.AM] pp n g+(p+2)g-2j^^ KG 2 ] 

induced by (1.1), where the first and the last group are zero by the fact that 
■K p n q+{p + 2 ) q + r KG 2 = Ext 2 / nq+ip+2)q+r (Z p ,Z p ) = for r = 0, -1, -2 (cf. [2]). Hence, 
U = (a 2 Al M )/ 5 for some f 5 G [ff"«+(P+ 2 )«M,£ 3 AM]. By (3.2) and (3.48), we have 

(1 E3 A u 3 )ft = -{a 3 A l x )f 3 + (l fi3 A w 2 )f's + (c 2 A l x )<7 6 (3.49) 

with g % G [£P n 9+(p+%M, KG 2 A X]. And so we have 

(63 A Ix)(Ie, A u 3 )f b = (63 A 1x)(1b 3 A w 2 )/ 5 + (6 3 c 2 A l x )<? 6 - (3.50) 

Since Ext 3 /" q+(p+2)q {H*M, H*M) = Z p {iJJ^,j*i*h^} (cf. Proposition 2.3), 
then we can have (b 3 A 1m) f 5 = Ai/i Tt g U + A 2 (lftTG 3 A ij)h n 9o for some Ai, A 2 G Z p , 
where ^ G [£p"9+(p+2)9+im, KG 3 A M}. And so 

= Ai(c 3 A l M )h n g ij + A 2 (c 3 A 1m)(1*tg 3 A ij)h n g . 
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By composing i on the above equality, we get that A2(c 3 A 1m)(1kg 3 A ij)h n goi = 0. 
However, since d2(i*(ij)*h n go) = i*d2(i*j*h n g ) ^ (see Proposition 2.4 (1)), we get 
that (c 3 A 1m)(1kg 3 A ij)h n goi ^ 0. Thus, we have that 

A 2 = 0, Ai(c 3 A l M )h n g ij = 0. 

Note that d 2 (j*i*h n g Q ) ^ by Proposition 2.4 (2), then (c 3 A lM)h n g ij ^ 0. Thus 
we see that Ai = 0. From the above discussion, we know that (6 3 A 1m) fa = and 
(3.50) can turn into 

(h A 1x)(Ie 3 A « 3 )/s = (hc 2 A lx)^6- (3.51) 

The argument of the proof from [7, (3.16)] to [7, p. 491] shows that (6 3 A 1x)(1e 3 A 
u 3 )fa = -(b 3 C2 A l x )k in [7, (3.16)] implies (6 3 A Ik' am) fa = 0. By a similar 
argument as in [7], we can also show that (3.51) implies (3.30) holds. □ 
Proof of Theorem II By Theorem I , we get that 

fte'MK) ^ o e Ext 2 f q+ip+1)q+ \H*K,z p ) 

is a permanent cycle in the Adams spectral sequence and converges to a nontrivial 
element ( n G ^ p ^ q+ ( p+ i) q -iK. 

Consider the following composition of maps 

Since ( n is represented up to nonzero scalar by /3*i' *i*(h n ) G Ext 2 /' <?+ ( p+1 )' J+1 (//*x, Z p ) 
in the Adams spectral sequence, then the above / is represented up to nonzero scalar 
by c = (jj'(3)*(3*i'*i*(h n ) in the Adams spectral sequence. 

Meanwhile, it is well known that the /3-element = jj'/3 2 i'i is represented by 
fco G Ext 2 l 2pq+q (Z p , Z p ) in the Adams spectral sequence. By the knowledge of Yoneda 
products we can see that / is represented (up to nonzero scalar) by 

c = k h n ^ G Ext 3 / (pn+2p+1 \Z p , Zp) 

in the Adams spectral sequence(cf. [6, Table 8.1]). 

Moreover, we know that Ext 3 ~ r ' q{pn+2p+1))+i ' r+1) (Z P ,Z P ) = for r > 2, then 
fcoft-n cannot be hit by any differential in the Adams spectral sequence, and so the 
corresponding homotopy element / G ir*S is nontrivial and of order p. This finishes 
the proof of Theorem II. □ 
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